A non-singular sesquilinear form is constructed that is preserved by the Lawrence-Krammer representation. It is shown that if the polynomial variables q and t of the Lawrence-Krammer representation are chosen to be appropriate algebraically independant unit complex numbers, then the form is negativedefinite Hermitian. Unitary matrices diagonalize, and it is shown that the eigenvalues of a Lawrence-Krammer matrix satisfy some symmetry relations. The two primary tools involved in constructing the form are Bigelow's interpretation of the Lawrence-Krammer representation, together with Morse theory on manifolds with corners.
Introduction
The primary interest in studying the Lawrence-Krammer representation is that it provides a faithful representation of all the braid groups [3] [12] . It also can be used to construct faithful representations of other mapping class groups, in particular the mapping class group of the genus two surface [2] [11] . One would hope that, since the Lawrence-Krammer representation is faithful, it could be used to study knots in bridge position or perhaps as closed braids, and some progress has been made on this, for knots in bridge position [13] [5] .
Given that the Lawrence-Krammer representation is an embedding, one would like to know what its image is. This question could be taken in two ways. As an embedding B n → GL (
, what are the conditions for a matrix to be in the image? Or alternatively, the act of specializing the variables q and t to complex numbers gives a continuous map (C − {0}) 2 → Hom(B n , GL ( n 2 ) C) and one could ask: does the image contain any discrete embeddings of B n , or perhaps embeddings that have compact closure? The primary result of this paper is that the above map always contains embeddings of B n with compact closure. One would imagine that for generic algebraically independant q and t the embedding would be discrete, but this has so far not been proven.
The paper is divided into four sections. In section 2 a sesquilinear form that is preserved by the Lawrence-Krammer representation is constructed and it is explicitly computed. The point of view taken on the Lawrence-Krammer representation is that of Bigelow's paper [3] , in which the Lawrence-Krammer representation is seen as an action of the braid group on the homology of an oriented non-compact 4-dimensional manifold. All oriented manifolds have an intersection product pairing on their homology groups, and this is used to construct the sesquilinear form. In section 3 the form is proven to be nonsingular, and a specialization of it is proven to be negative-definite Hermitian. In section 4 a result on the trace of the Lawrence-Krammer representation is given, which motivates the question, does the trace, or perhaps the stronger conjugacy invariant-the eigenvalues-of the Lawrence-Krammer representation separate all conjugacy classes of braids? It is shown that the eigenvalues satisfy symmetry relations, and the existance of non-invertible knots is used to show that the eigenvalues can not separate all conjugacy classes of braids. Lastly, some comparisons are made between theorem 3.2 and some results on the Burau and Gassner representations of Squier's [19] and Abdulrahim's [1] .
One of the novelties of this paper is the way in which the Lawrence-Krammer representation is constructed. The manifold that the braid group acts on is preprint a covering space of a configuration space in a punctured disc. In [3] Bigelow uses a detailed fibre-bundle argument to construct a CW-decomposition this configuration space. In this paper, two CW-decompositions are given quite naturally by a Morse function. One of the CW-decompositions given here is combinatorially equivalent to the one in [3] .
In section 2, the main theorem, theorem 3.2, that the Lawrence-Krammer representation is unitary, is proved. Section 3 depends only on theorem 2.10. A completely algebraic proof that the Lawrence-Krammer representation is unitary could be constructed by taking theorem 2.10 as the definition of the form and then verifying that the Lawrence-Krammer representation preserves the form by using the formula for the Lawrence-Krammer representation as given in [2] . It should be noted that [2] corrected a sign error in the matrices given in [3] .
The total intersection product
This section begins with the definition of the Lawrence-Krammer representation. The definition is a variant on the one given in Stephen Bigelow's dissertation.
Definition 2.1
The configuration space C n X of n points in a topological space X is defined to be (X n − ∆ n X)/S n . Here ∆ n X = {x ∈ X n : x i = x j for some i = j}. S n is the symmetric group, acting by permuting the factors of the product X n .
A convention that used throughout this paper is that if f, g : I = [0, 1] → X are loops, then the concatenation f g denotes the loop f g(t) = g(2t) for t ≤ 1/2 and f (2t − 1) for t ≥ 1/2. Definition 2.2 The braid group B n := π 1 C n D 2 is the fundamental group of the configuration space of n points in a disc, or equivalently B n = π 0 Diff(D 2 , n), the mapping class group of a disc with n marked points in the interior, where the diffeomorphisms are the identity on the boundary. The fact that the two definitions above are equivalent is an easy consequence of the homotopy long exact sequence of the fibration Diff(D 2 ) → C n D 2 , together with Smale's theorem that Diff(D 2 ) is contractible [18] . The map Diff(D 2 ) → C n D 2 is given by fixing a configuration in C n D 2 and evaluating it on the diffeomorphisms of Diff(D 2 ). The fact that evaluation maps are fibrations is due to Palais [16] . preprint P n will denote the closed unit disc with n interior points removed. We note that H 1 C 2 P n = Z ⊕ Z n , where the first Z is given by the homomorphism T : H 1 C 2 P n → H 1 C 2 D 2 = Z, and the remaining n copies of Z are given by the winding numbers around the n puncture points, we will call these homomorphisms q i . Q :
for a more detailed construction. LKC 2 P n will denote the covering space of C 2 P n corresponding to the kernel of (Q ⊕ T ) • h : π 1 C 2 P n → Z ⊕ Z where h : π 1 C 2 P n → H 1 C 2 P n is the Hurewicz homomorphism. This covering space is a 'normal' or Galois cover, and so its group of covering transformations is precisely Z ⊕ Z and can be identified with the image of (Q ⊕ T ) • h. q and t will denote the covering transformations corresponding to 1 ⊕ 0 and 0 ⊕ 1 respectively in the image of Q ⊕ T . With these definitions, H 2 (LKC 2 P n ) is a module over the Lauraunt polynomial ring Z[q ±1 , t ±1 ], which is the group ring of the group of covering transformations q, t = Z ⊕ Z.
In [3] , the Lawrence-Krammer representation was defined as the action of the braid group
Here, the Lawrence-Krammer representation will be given in terms of the action of B n on a submodule, denoted LK n , of H 2 (LKC 2 P n ), analogous to the paper [17] . The precise submodule of H 2 (LKC 2 P n ) will be described later. For now, I will define the sesquilinear form that the Lawrence-Krammer representation preserves.
Definition 2.3
The total intersection product is a sesquilinear form
where µ : LK n ⊕ LK n → Z is the intersection product. See [20] or [7] for definitions of the intersection product on manifolds, and [14] for basics on sesquilinear forms. Seifert and Threlfall's account of the intersection product is more relevant to the usage of the intersection product here, as Bredon is more concerned with the Steenrod realization problem and restricts himself to the intersection product of homology classes realizable by manifolds.
It should be noted that it is not trivial that this pairing is non-singular. For example, with the cylendar S 1 × I the intersection product is zero.
To compute the intersection product, one could take the CW-decomposition given in [3] and notice that all homology classes are realizable by compact surfaces, in fact Bigelow's v i,j 's are realizable by genus two surfaces. To compute preprint the intersection product from this point of view would be complicated. Instead, we compute the intersection product using two easy to visualize transverse CWdecompositions of C 2 P n that come from a Morse function on C 2 P n .
Consider the function d : C 2 P n → R, this is the function that assigns |x − y| to the pair (x, y) ∈ P n where | · | is the standard norm on R 2 = C. In a suitable sense d is a Morse function. First we modify P n to make it into a compact manifold. Instead of removing n points from D 2 , to construct P n , remove n open discs. This makes C 2 P n into a manifold with corners. Morse theory on manifolds with corners has been studied for some time, although it is not a very well known branch of Morse theory. Good general references are [9] [8] [22] .
We will think of a manifold with corners X as a stratified space, and the idimensional strata will be denoted by X (i) .
Definition 2.4
A Morse function on a manifold with corners X is a function f : X → R such that, when restricted to each strata, f |X (i) is Morse in the usual sense [15] . If x is a critical point in the strata X (i) and X (i+1) is incident to x with df x v positive, where v ∈ T x X is a vector pointing inward to X (i+1) , then x is called an essential critical point of f .
Essential critical point on a 1-dimensional strata resulting in a 1-cell attachment.
The picture is that of a 1-cell attachment for a 3-dimensional manifold with x on a 1-dimensional strata. Essential critical points are important because they are precisely the critical points so that the homotopy type of f −1 (−∞, c] changes when c passes through f (x). The homotopy type of f −1 (−∞, c] changes by a cell attachment, as in Morse theory on manifolds without boundary. For details, see [22] .
For the next lemma, we will be looking at the distance function on the configuration space of two points in the punctured disc. 
Proof Notice that the homotopy type of d −1 (−∞, x] for x small and x > 0 is that of the product of a circle with a wedge of circles
The first circle will be denoted b and the n wedge summands will be denoted y i for i ∈ {1, · · · , n}. b is the image of the generator π 1 C 2 D 2 → π 1 C 2 P n for some embedding of D 2 in P n . The summands y i denotes a path in f i : I → C 2 P n such that T ([f i ]) = 0 (see definition 2.2) where [f i ] ∈ π 1 C 2 P n , such that there exists a 1-parameter embedding g i : I×D 2 → P n such that f i (t) ⊆ Img(g i (t, ·)) for all t ∈ I, where the path g i (t, 0) is given as in the picture,
The product structure gives us the relations [b, y i ]. The remaining cell structure comes from the critical points of d. There are 4 n 2 + 10n + 2 critical points, but only n 2 + 2n of them are essential. n 2 + n are 2-cell attachments, and n are 1-cell attachments. The picture below indicates all the essential critical points, when n = 6. The vertical configurations are the 1-cell attachments and will be labelled x i . All other configurations will have labels Z i or Z i,j as in the diagram below.
Computing the attaching maps is now rather mechanical.
We can reduce the CW-complex Z , using n handle slides to get the CWdecomposition given in [3] , or equivalently:
Corollary 2.6 C 2 P n deformation retracts down to a subspace with CW-decomposition denoted simply by Y , with one 0-cell, n + 1 1-cells, labelled x i : {1, · · · , n} and b, and n 2 + n 2-cells, with attaching maps given by:
Here is a simple lemma that gets used repeatedly, Lemma 2.7 In any CW-complex X with π 2 X = 0, and for any two cellular maps f, g : D 2 → X such that ∂f = ∂g , then f and g are homotopic via a cellular map
Proof The long exact sequence of the homotopy groups of the pair (X, X 1 ) shows that f and g are homotopic via a cellular map F . Give I = [0, 1] the CW-decomposition with 0-cells {0, 1} and one 1-cell, and D 2 the CWdecomposition with 0-cell {1}, one 1-cell and one 2-cell. Then F |I×{1} , thought of as a loop in X 1 must be a multiple of f |∂D 2 , since π 1 X 1 is a free group. Using a twist, we can replace the homotopy F by a homotopy that is the identity on I × {1}. Using the homotopy LES of the pair (X, X 1 ) again, we can homotope this map to one which is the identity on I × ∂D 2 .
We will lift the CW-structure Y to LKC 2 P n . Choose a basepoint in LKC 2 P n that is above our 0-cell for our CW-decomposition Y . We give LKC 2 P n a CW-structure by lifting the cells of Y to LKC 2 P n . We interpret Y i,j to be the lift of Y i,j to LKC 2 P n so that the attaching map starts at the basepoint. This is a slight abuse of notation because Y i,j is also a 2-cell in C 2 P n . We interpret Y i to be the lift of Y i so that its attaching map gets lifted to the qt translate of the basepoint. All 1-cells are lifted so that the attaching map for the 1-cells starts at the basepoint of LKC 2 P n . With these conventions, Proof By cellular approximation, this reduces to looking at σ i 's action on the elements Y j , Y j,k ∈ π 2 (Y, Y 1 ), where Y is the above CW-structure, lifted to the Lawrence-Krammer cover. By lemma 2.7, this reduces to studying the action of σ i on π 1 C 2 P n . A quick computation gives
So we can deduce immediately that
The most involved of these computations is for σ i .Y i+1 so it will be done is some detail, the remaining computations are simpler. x i+1
The above computations proves more than the subspace spanned by the v i,j 's is invariant. In particular, it gives us the matrices for the Lawrence-Krammer representation. They are:
This gives an independant verfication that the matricies in [2] are correct.
preprint It should be noted that even though the v i,j 's form a basis for
F where F is a field containing Z[q ±1 , t ±1 ], the v i,j 's do not span H 2 (LKC 2 P n ). For example, the homology classes given by Bigelow in [5] are not in the Z[q ±1 , t ±1 ]-span of the v i,j 's. This is similar, although much less complete, than the results in [17] .
The next lemma will enable the easy computation of the intersection product.
Lemma 2.9
The negative of the distance function gives a CW decomposition of C 2 P n with 1 0-cell, 2n + 1 1-cells labelled s, a i , b i : i ∈ {1, · · · , n}, and n 2 + 2n 2-cells, with attaching maps given by:
Proof The diagram below illustrates the essential critical points for the case that n = 5. There are 
Index 2 critical points of −d and cell labels.
The computation of the attaching maps is a good exercise in visualization.
As with the CW-structure Y it is useful to choose lifts to the LawrenceKrammer cover of the cells in X . For the CW-structure X the only 2-cell lift that matters is the cells X i,j . We lift it so that the attaching map a i b j a
begins at q −2 times the basepoint. All other cells, lift so that the attaching map starts at the basepoint.
preprint Theorem 2.10 The intersection product v i,j , v k,l is given by the formula
Proof To see that the above formula is correct, notice that the two CWdecompositions given for C 2 P n are transverse. In fact, the only cells of X that intersect cells of Y are the n 2 pairs, X i,j ∩ Y i,j which intersect in precisely four points. This can be seen easily because the 2-cells X i and X ′ i are all contained in the 3-dimensional strata of C 2 P n , and X i,j is disjoint from X k,l unless k = i and j = l as in the diagram below which shows the 2-cells X i,j and Y k,l . An easy computation gives X i,j , Y i,j = q n+1−(i+j) (q − 1) 2 . So to compute v i,j , v k,l we represent v i,j in the X cellular homology and use the formula for X i,j , Y i,j . Since both X and Y are CW-decompositions of deformation retractions of C 2 P n , they are canonically homotopy equivalent. As a map from Y → X this homotopy equivalence can be made into a cellular map where
. Now it is easy to see how our cellular map acts on the 2-cells of Y .
Which gives us:
There is no need to compute the coefficients l a and p a as they do not contribute to the intersection product. Using the above formula, it is now rather mechanical to verify the statement of theorem 2.10.
3 On the image of the Lawrence-Krammer representation
The intersection product is non-singular, or equivalently, the dual map v → ·, v is injective.
Proof To prove this, notice that in the formula for ·, · only the k = i, j = l terms are divisible by (q − 1) 3 , and all other terms are divisible by (q − 1) 2 , therefore the determinant of the v i,j , v k,l matrix is non-zero, proving the proposition.
Theorem 3.2 For appropriate choices of q and t the intersection product is a negative-definite Hermitian form.
Proof Take an arbitrary v ∈ LK n and compute v, v . Let v = i,j λ i,j v i,j , and notice that for |q| = |t| = 1,
By theorem 2.10
therefore, for |q − 1| < 1/n 4 and |t − i| < 1/n 4 the Lawrence-Krammer representation is definite. We note that −(1 − t)(1 − q 2 t 2 )(q − 1) 2 (1 + q 2 t)t −2 q −3 is negative in this case, proving the theorem.
Trace and eigenvalues
Since the Lawrence-Krammer representation is faithful, one may ask if it gives insight into the conjugacy problem for braid groups. One way to approach this would be via canonical forms of matrices. Given a braid f ∈ B n let f * denote its action on LK n . Since the Lawrence-Krammer representation is unitary, all matrices can be diagonalized over C, therefore the conjugacy class of f * in U ( Proof Since the Lawrence-Krammer representation is unitary, f * is conjugate by a unitary matrix to a diagonal matrix. Therefore, the trace is the sum of the eigenvalues of f , which are all unit complex numbers.
If f is in the center of the braid group, then f * is in the center of GL ( n 2 ) C. This is easy to verify, since we know f is a power of a Dehn twist around a curve containing all the puncture points of P n . Therefore, the lift of f to LKC 2 P n is isotopic to a covering transformation (the isotopy does not fix the boundary).
|T race(f * )| = n 2 , and so g * is also in the center of U ( n 2 ) and therefore g is in the centre of B n . Since T race(f * ) = T race(g * ) and f * and g * are central,
The fact that the Lawrence-Krammer representation is unitary, together with its simple topological definition allows the proof of certain symmetry relations among the eigenvalues of f * . These symmetries, together with the existance of non-invertible knots [21] will be used to show that the eigenvalues of f * are not a complete conjugacy invariant. Three symmetries will be considered. Given a braid f ∈ B n , we can compare the eigenvalues of f * , f −1 * , (cf c) * and (cf −1 c) * , where c : P n → P n is any orientation-reversing diffeomorphism of the punctured disc that fixes the n puncture points. c can be chosen to have order 2 -if one thinks of P n as the unit disc in the complex plane with puncture points along the real axis, then take c to be complex conjugation. Note, since f ∈ B n , cf c ∈ B n since f is the identity on the boundary of P n . Proof First, we'll prove that the eigenvalues of f * and f −1 * are mutually inverse. To see this, look at the characteristic polynomial
Next, we'll show that the eigenvalues of (cf c) * and f * are mutually inverse. Notice that since c can be realized as complex conjugation on the punctured disc, c defines an involution of C 2 P n which lifts to an order 2 involution of LKC 2 P n . Notice that the induced map c * on LK n is not linear, in fact
Since c * Ĩ is an involution, this proves that f * is conjugate to (cf c) * . Therefore Det(zI − (cf c) * ) = Det(zI − f * ). Since the Lawrence-Krammer representation is unitary, f * is conjugate to (f −1 * ) τ , where τ denotes the transpose operation. This is an elementary consequence of the total intersection product being a sesquilinear form. The determinant of a matrix is symmetric under the transpose operation, therefore Det(zI − (cf c)
The other two identities are consequences of the above two.
Note, if we think of the closed braids associated to the four braids f , cf c, cf −1 c and f −1 , note that f and f −1 are mirror reflections of each other, and cf −1 c is the inverse of the knot f , meaning a rotation by π carries one closed braid to the other, but it does not preserve knot orientation.
Corollary 4.3 The eigenvalues of the Lawrence-Krammer representation do not separate all conjugacy classes.
Proof In [21] non-invertible knots were shown to exist. Trotter's knot is a rather complicated pretzel knot. With the advent of sophisticated computer algorithms, simpler non-invertible knots have been found [10] , for example the hyperbolic knot that is denoted 10 82 in Rolfsen's knot tables.
preprint
The knot 10 82
This knot has a 3-stranded closed braid form, given by f = σ 1 σ In [19] , C.C. Squier proved that the Burau representation is unitary. He does not indicate how he constructed his form, but it is not hard to see that using the topological interpretation of the Burau representation as given in [4] , the form is a rescaling of the total intersection product. Similarly, in [1] Abdulrahim proves that the Gassner representation is unitary. He does not use topological methods either, although it is easy to see that if one uses the topological interpretation of the Gassner representation, a rescaling of the total intersection product gives Abdulrahim's form.
The behavior of the signature of the intersection product for the LawrenceKrammer representation is not quite as trivial as for the Burau representation of the braid group B n . If one looks at the signature of Squier's form for q ∈ S 1 ⊆ C, it is easy to see that every value between −(n − 1) and n − 1 is achieved. This is not so for the Lawrence-Krammer representation. As an example, with the 6-stranded braid group, the signature of ·, · as a function of (q, t) ∈ S 1 × S 1 ⊆ C × C takes on 5 values on 9 different simply-connected regions on the torus. Only the signatures {−15, −7, −5, −1, 5} are achieved.
